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Abstrat We introdue a notion of Gieseker stability for a ltered holomorphi vetor
bundle F over a projetive manifold. We relate it to an analyti ondition in terms of
hermitian metris on F oming from a onstrution of the Geometri Invariant Theory
(G.I.T). We prove that if there is a τ -Hermite-Einstein metri hHE on F , then there
exists a sequene of suh balaned metris that onverges and its limit is hHE . As a
orollary, we obtain an approximation theorem for quiver Vortex equations and other
lassial equations.
Contents
1 Introdution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.1 Notions of stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 G.I.T onstrution and extended Gieseker spae for ltrations . . . . . . . . . . . . . . . 6
3 G.I.T stability and balaned metris . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.1 Gieseker stable holomorphi ltrations and Kempf-Ness type funtionals . . . . . . . . . 12
3.2 Balaned metris for holomorphi ltrations . . . . . . . . . . . . . . . . . . . . . . . . . 16
4 τ -Hermite-Einstein metris and holomorphi ltrations . . . . . . . . . . . . . . . . . . . . . 19
4.1 Ation of the Gauge group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
4.2 Limit of a sequene of balaned metris . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
4.3 Stable holomorphi ltrations and natural moment maps . . . . . . . . . . . . . . . . . 22
4.4 Complex orbits and double sympleti quotient . . . . . . . . . . . . . . . . . . . . . . . 24
4.5 Constrution of almost balaned metris . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
4.6 Expliit formulas and analyti estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.7 Approximation Theorem for τ -Hermite-Einstein metris . . . . . . . . . . . . . . . . . . 39
5 Appliations to the ase of Vortex type equations . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.1 Equivariant holomorphi ltrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.2 Filtrations, quivers and dimensional redution . . . . . . . . . . . . . . . . . . . . . . . . 44
5.3 Dimensional redution and appliations . . . . . . . . . . . . . . . . . . . . . . . . . . . 46




h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
6.2 Resolution of a ertain ellipti equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
1 Introdution
Intrinsi global methods have appeared in Kähler geometry with the fundamental work
of E. Calabi and S-T. Yau in the study of Einstein type metris. Reently, S.K. Don-
aldson in [16℄ has made a ruial advane in view of an algebro-geometri interpretation
of the existene of Kähler-Einstein metris by studying a notion of stability introdued




where M is projetive and L is a polarization over
M . The main result of [16℄ (also see [6℄ for a survey) is the onvergene of a sequene of





for k large, towards a onstant salar metri (when its existene is assumed
a priori).
In the ase of bundles (with or without some extra deorated strutures), suh orre-
spondenes have been proved in most of the known ases, at least when M is ompat.
Therefore, one an ask if the method of [16,14℄ an be applied to give an approximation
of the equations that appear for these objets. In partiular, this means that the gobal
analysis used in Hithin-Kobayashi-Donaldson-Uhlenbek-Yau (we will say HKDUY in
short) type orrespondenes ontains some key tehnis for the onstrution of algebrai
objets. By `algebrai objets', we mean some anonial metris oming from an under-
lying G.I.T onstrution in a nite dimensional framework. A preliminary work has been
done by C. Drouet [17℄ for the ase of Hermite-Einstein equations over a urve, and later
X. Wang [38,39℄ has given a omplete solution of the problem in any dimension using
Gieseker's results and Donaldson's breakthrough.
In this paper, we are interested in a more general type of equation, so alled Vortex
equations, that appear in bosoni theories for non linear σ-models under the form of
Bogomol'nyi-Prasad-Sommerfeld states. In the Kähler setting, and onsidering only a
single bundle, these equations have been studied essentially by C.H. Taubes, S. Bradlow
[8℄, O. Garía-Prada [18,20℄ and later D. Baneld [5℄ who proposed a generi frame. In
[19℄ (see also [10℄), O. Garía-Prada introdued a notion of oupled Vortex equations
relative to a triple (i.e two holomorphi bundles and a bundle map between them).
Later, this idea of onsidering Vortex equations for some data involving more than one
bundle or sheaf has been developped in the work of L. Álvarez-Cónsul and O. Garía-
Prada [1,3,2℄ who also investigated the related notion of quivers. Nevertheless, a G.I.T
onstrution for the objets studied by Baneld or Álvarez-Cónsul and Garía-Prada is
still to be ahieved in full generality, even if some reent progress has been made in [21,
35℄. From a general point of view, the study of Vortex equations and their moduli spae
of solutions has had some important onsequenes in algebrai geometry (for instane
the Velinde formula and its generalizations) or in Gauge theory with the omputation of
Gromov-Witten invariants [33℄.
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In our work, we will fous on the τ -Hermite-Einstein equations introdued by Álvarez-
Cónsul and Garía-Prada [1℄ for a holomorphi ltration F (or ltered holomorphi
bundle) over a smooth projetive manifold. In a rst part, we introdue a weaker notion
of stability for holomorphi ltrations and we relate it to ertain Gieseker spaes using a
G.I.T onstrution (Theorem 1). We use a Kempf-Ness type argument to show that the
stability ondition an be written as an analyti ondition involving the Bergman kernel
assoiated to the ltration (Theorem 2). Thus, a sequene of anonial metris will be
dened, alled balaned metris as foreseen in [14℄ (Denition 12). Then we use an idea
of Donaldson to nd zeros of moment maps and we study the ombined ation of the
Gauge group and the speial unitary group SU(N). Finally, we will prove in the fourth
part (Theorem 5),
Theorem. Let M be a smooth projetive manifold. If F is an irreduible holomorphi
ltration of a holomorphi vetor bundle F over M equipped with a metri hHE solution








then there exists a sequene of balaned metris hk on F whih onverges, up to onformal
hange, towards the metri hHE in C
∞
topology.
As a orollary, we give a proedure to get an approximation of solutions of quiver Vortex
equations (Theorem 7) using a dimensional redution argument based on [1,2℄. In par-
tiular, these equations overlap with Hermite-Einstein equations, speial Witten triples
(non abelian monopoles) and ritial Higgs equations over a urve (see Setion 5.3 for
details).
2 Preliminaries
2.1 Notions of stability
The aim of this part is to introdue dierent notions of stability for a holomorphi l-
tration on a projetive manifold. We will follow here the ideas of D. Gieseker and the
Mumford theory in order to introdue a Gieseker spae for whih the G.I.T stable points
orrespond to stable holomorphi ltrations.
Let M be a projetive manifold of omplex dimension n, and L an ample line bundle
on M .
Denition 1 A ltration of sheaves of length m is a nite sequene of oherent sub-
sheaves
F : 0 = F0 →֒ F1 →֒ ... →֒ Fm = F
and we shall say that F is a holomorphi ltration if the sheaves Fi and F are subbundles.
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Denition 2 A subltration of the ltration F is a ltration of sheaves of length m
F
′ : 0 →֒ F ′1 →֒ ... →֒ F ′m = F ′,
where F ′ is a subsheaf of F and suh that F ′i ⊆ Fi∩F ′ for any 1 ≤ i ≤ m. A subltration
is said to be proper if r(F ′) < r(F).
Denition 3 A holomorphi ltration F is irreduible if it annot be written as
F = F1 ⊕F2,
where the Fi 6= F are holomorphi subltrations.
Denition 4We will say that the ltration F is simple if any endomorphism f ∈
End(F) whih preserves the ltration (i.e. f(Fi) ⊂ Fi) is a salar multiple of Id.
We reall the notion of (slope) stability for a ltration (we refer to [1,9℄ for details).
Denition 5 Let F be a ltration of length m and τ = (τ1, ..., τm−1) a (m− 1)-tuple of
real numbers. Dene the τ -degree of F as
deg
τ








We shall say that the ltration F is τ -stable (resp. semi stable) if for all proper subl-
tration F ′ →֒ F , we have
µτ(F
′) < µτ (F ) (resp. ≤).
A ltration is said to be polystable if it is a diret sum of τ -stable ltrations with same
slope µτ .
Remark 1 If the ltration redues to a bundle F (i.e. m = 1) we reover the ase of
Mumford stability for bundles with τi = 0 and in this ase, we will denote by µ(F) the
slope of F . Notie that the τ -stability of a holomorphi ltration does not imply the
Mumford stability of the subbundles.
Lemma 1 Let F 1 and F 2 be two ltrations of torsion free sheaves with same length,
τ -stable and of same slope. Let ̺ : F 1 → F 2 a non zero homomorphism suh that for
all i, ̺(F1i ) ⊂ F2i . Then ̺ is injetive. In partiular, if a holomorphi ltration is stable
then it is simple.
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Proof If ̺ is non injetive then F3 = Im(̺) is a (proper) torsion free quotient of F1 and
we get F 3 subltration of F 2 suh that
µτ(F
3) > µτ (F
1) = µτ(F
2)
by Whitney produt formula. Sine F 2 is stable and F 3 ⊂ F 2, one has neessarily that
r(F3) = r(F2).
Now it is also lear that for a holomorphi subltration F ′ ⊂ F suh that r(F) = r(F ′),
the following inequality always holds
µτ (F
′) ≤ µτ(F ). (1)
This omes from the fat that if F ′ ≇ F there exists an eetive divisor D suh that
det(F) ∼= det(F ′ ⊗OM (D)) and so µ(F) = µ(F ′) + deg(D)r(F ′) > µ(F ′). In the ase of non
holomorphi ltrations (i.e. given by torsion free sheaves), inequality (1) remains true.
Then we get a ontradition: ̺ is injetive.
If F 1 and F 2 are two holomorphi ltrations, then F 3 is a holomorphi subltration
of F 2, with same slope and r(F3) = r(F2). We notie that in the ase of holomorphi
ltrations, the only ase of equality in (1) is F ′ = F . Thus, ̺ is an isomorphism.
Therefore, if F is a holomorphi stable ltration, any non zero endomorphism ̺ of F
suh that ̺(Fi) ⊂ Fi is an isomorphism and by Shur lemma, {̺ ∈ End(F) : ̺(Fi) ⊂ Fi}
is a divison algebra of nite dimension and isomorphi to C. ⊓⊔
Notation For a holomorphi ltration F of length m and a hermitian metri h on F
orrespond h-orthogonal smooth projetions on the subbundle Fi of F for all 1 ≤ i ≤ m,
that we shall note
πFh,i : F → Fi
with the onvention πFh,m = IdF .
The main result of [1℄ is the existene of a HKDUY orrespondene for holomorphi
ltrations in terms of metris of τ -Hermite-Einstein type.
Theorem 2.11 Fix ω a Kähler metri on the ompat manifold M . Let τ ∈ Rm−1+ and
F be a holomorphi ltration of length m. A holomorphi ltration F is τ -polystable






h,i = µτ (F )IdF . (2)









τ˜i = µτ (F ) −
m−1∑
j=i
τj, τ˜m = µτ(F ),
and πih(F ) = π
F
h,i − πFh,i−1 is the projetion (with respet to h) on the orthogonal
of the subbundle Fi−1 of Fi with the onvention π1h(F ) = πFh,1. We shall say under
these onditions that h is τ -Hermite-Einstein. The ltration F will be said τ -Hermite-
Einstein.
Remark 2 The assumption of non negativity of the real numbers τi is ruial in the proof
of [1, Theorem 2.1℄. Heneforth, when we onsider the stability of a ltration of length
m, it is relatively to a (m − 1)-tuple of non negative real numbers. If we take the trae




whih means that we only have m− 1 degrees of freedom as expeted.
We introdue now a notion of Gieseker stability for ltrations.
Denition 6 Let R = (R1, .., Rm−1) be a olletion of (m−1) polynomials with rational
oeients of degrees di < n and positive for k large. Dene




the R-Hilbert polynomial of the ltration F of length m. Then F is said to be Gieseker





We get immediately by applying Riemann-Roh formula,




2.2 G.I.T onstrution and extended Gieseker spae for ltrations
We present a G.I.T frame for the holomorphi ltrations on a projetive manifold, in-
spired from the work of [25,26,35℄. We introdue a `Gieseker spae' whih parametrizes
the Gieseker stable holomorphi ltrations. Firstly, we notie that the onsidered Gieseker
semi-stable objets live in bounded families, i.e. are parametrized by a sheme of nite
type over C.
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Proposition 2 The set of isomorphy lasses of Gieseker semi-stable ltrations given by
torsion free oherent sheaves with xed R-Hilbert polynomial is bounded.
Proof Let us onsider a ltration F . By onsidering the leading oeients of PR,F (k)
and using the Gieseker semi-stability ondition, one reahes the onlusion that the slopes
µ(Fi) are all bounded. Now, we an apply the boundedness theorem of [31, Setion 3℄.
⊓⊔
Fix R a olletion of (m − 1) polynomials as before and let F be a holomorphi
ltration of length m and note ri = r(Fi) with r0 = 0, r = r(F) and p its R-Hilbert
polynomial. By Kodaira's embedding theorem, there exists an integer k0 suh that for
k ≥ k0, the bundles Fi⊗Lk are globally generated and the ohomology groups of higher
dimension of Fi ⊗ Lk are trivial, i.e.
Hj(M,Fi ⊗ Lk) = 0, ∀j ≥ 1.
For suh a k, onsider a vetor spae V isomorphi to H0(M,F ⊗ Lk), and let (vi)
be a basis of V . One an onstrut a quasi-projetive quot sheme Q′ parametrizing
equivalene lasses of quotients {q : V ⊗L−k → F} where F is a ltration of torsion free
oherent sheaves of length m with R-Hilbert polynomial equal to p and H0(q ⊗ idLk) is
an isomorphism. This gives us universal quotients q˜i : V ⊗ π∗M (L−k) → F˜i over Q×M
where Q is the union of omponents of Q′ that ontain R-semi-stable elements. The line
bundles det(F˜i) indue morphisms υi : Q→ Pic(M) and we denote Ai the union of the
nitely many omponents of Pic(M) hit by the morphism υi. By previous proposition,
this does not depend on the hoie of k and we an assume that k0 is large enough so that
for all [L] ∈ Ai, L⊗L(r−ri)k is globally generated and without higher ohomology. Fix a
Poinaré line bundle L˜ on Pic(M)×M and note L˜Ai its restrition to Ai×M . Again by
previous proposition, we an assume that L˜Ai ⊗ π∗ML(r−ri)k is globablly generated and








∧r−riV ⊗OAi , (πAi)∗(L˜Ai ⊗ π∗ML(r−ri)k)
)∨)
.
The morphism (πQ)∗(∧r−ri(q˜i ⊗ idπ∗
M
Lk) : ∧r−riV ⊗OQ→ (πQ)∗(det(F˜i)⊗ π∗ML(r−ri)k)
gives rise to an injetive and SL(V )-equivariant morphism
Gies : Q→ G.
Moreover, the Gieseker spae G maps SL(V )-invariantly to
∏
i Ai and the bers are lose
SL(V )-invariant subshemes; i.e., over the point (L1, ..,Lm) ∈
∏











We now fous on determining the (semi-)stable points of this spae. For the holomorphi
ltration F of lentgh m, let πi be the natural onto map from F to the quotient F ⊗
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Lk/Fi ⊗ Lk with the onvention π0 = Id. To the ltration F , we assoiate by the
following morphisms of evaluation,
Ti : (vj1 ∧ ... ∧ vjr−ri ) 7→
(
p 7→ πievp(vj1) ∧ ... ∧ πievp(vjr−ri )
)
,








M,det(F ⊗ Lk/Fi ⊗ Lk)
))
.
The ation of SL(V ) is given by
g ⋆ (T0, ..., Tm−1) =
(
T0 ◦ ∧rg−1, ..., Tm−1 ◦ ∧r−rm−1g−1
)
,
and we an onsider for a hoie of parameters εi > 0 the G.I.T stability of a point of
G˜k relatively to a SL(V )-linearization of the very ample bundle OG˜k(ε0, ..., εm−1).
Let λ : Gt → SL(V ) be a 1-parameter subgroup and vi a basis of V suh that Gt ats
on V by λ with the weights γi ∈ Z, i.e. for all t ∈ Gt,
λ(t) · vi = tγivi.
Of ourse, it an be assumed that γi ≤ γi+1 and
∑
i γi = 0. For any multi-index I =
(i1, ..., ir−rj ) of length |I| = r − rj with 1 ≤ i1 < ... < ir−rj ≤ dim(V ), let vI =
vi1 ∧ ...∧ vir−rj and γI = γi1 + ...+γir−rj . The group SL(V ) ats on
∧r−rj V with weight
γI relatively to the basis vI . The lassial Hilbert-Mumford riterion asserts that the
point of G˜k is G.I.T-(semi-)stable relatively to the linearization that we have xed and





{γI : Tj(vI) 6= 0} < 0 (resp. ≤).


















(n− 1)! + ...
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with γ1 = .. = γdim(V ′) = −codim(V ′) and γdim(V ′)+1 = .. = γdim(V ) = dim(V ′). Via the
morphism V ⊗ OM → F ⊗ Lk obtained for k suiently large, we have a holomorphi
ltration
0 ( F(V ′) ⊂ F(V ) = F ,
F(V ′),i = Fi ∩ F(V ′)
and under these onditions,
min
{|I|=r−rj}
{γI : Tj(vI) 6= 0} = dim(V ′) (r(F)− r(Fi))
− dim(V ) (r(F(V ′))− r(F(V ′),i)) .
Thus, we have shown that if the point of G˜k, dened by the ltration F , is G.I.T
(semi-)stable, then we have
ε
(






dim(V )r(F(V ′),i)− dim(V ′)r(Fi)
)
< 0,





In fat, we also have the onverse:
Lemma 2 The point of G˜k dened by the holomorphi ltration F is G.I.T (semi-)stable
if and only if for any subspae V ′ ⊂ V ,
ε
(






dim(V )r(F(V ′),i)− dim(V ′)r(Fi)
)
< 0,
where F(V ′) is the ltration generated by V
′ ⊗OM and F/F(V ′) is torsion free.
Proof Let (v1, ..., vdim(V )) be a basis of V . If one denotes F(i) = F〈v1,...,vi〉, we have a
ltration
F(0) ⊂ ... ⊂ Fdim(V ) = F
and we get F(i) = F(i−1) or r(F(i)) > r(F(i−1)). Consequently, there exist r integers
between 1 and dim(V ) that mark the jumps of ranks. We shall denote them (k1, .., kr).
If one onsiders the ation assoiated to (vi, γi), we get by [26, Lemma 1.23℄, minI{γI :
T0(vI) 6= 0} = γk1 + ... + γkr . From a similar way, there exist r − rj integers between




). Therefore, we get
min
I






In order to apply the Hilbert-Mumford riterion, we shall onsider the set of all the
vetors with weight γi. Of ourse, these vetors are generated by the following vetors
γ(i) = (i− dim(V ), . . . , i− dim(V )︸ ︷︷ ︸
i
, i, . . . , i︸ ︷︷ ︸
dim(V )−i
)
for i = 1, ...,dim(V ). All weighted vetors γ =
(
γ1, ..., γdim(V )
)







dim(V ) are non negative rational oeients. Let us apply





{γI : Tj(vI) 6= 0}











If i grows, µ(i) goes down exept for kj or one k
l
j . One has to evaluate µ
(i)
at the values
kj − 1 or klj − 1. This leads to
µ(i) = − dim(V )∑lεl(jl − 1) +∑lεl(r − rl)(klj − 1).
Eventually, we an forget the hoie of the basis vi and we get that the point of G˜k is
G.I.T stable (resp. semi-stable) if and only if
εdim(V ′)r(F)− dim(V ′)∑iεir(Fi) < εdim(V )r(F(V ′))
− dim(V )∑iεir(F(V ′),i)
(resp. ≤) for any subspae 0 6= V ′ ⊂ V, with r (F(V ′)) ≤ r(F). ⊓⊔
By [26, Lemma 1.26℄, the G.I.T stability (resp. semi-stability) an be written as a on-
dition on the subsheaves of F instead of the subspaes of V ,
dim(V ∩H0(F ′ ⊗ Lk)) (εr(F)−∑i εir(Fi))
< dim(V )
(
εr(F ′)−∑i εir (FV ∩H0(F ′⊗Lk),i))
(resp. ≤) for any proper holomorphi ltration F ′ ⊂ F . Indeed, if F ′ ⊂ F , hoose
V ′ = H0(F ′⊗Lk)∩V. Then for the morphism q : V ⊗OM → F⊗Lk, q(V ′⊗OM) ⊂ F ′⊗Lk
and r(F ′) = r(F(V ′)). For the onverse, we onsider V ′ ⊂ V and set F ′ = q(V ′ ⊗OM ).
Thus, we have V ′ ⊂ V ∩H0(F ′ ⊗ Lk) and r(F(V ′)) = r(F ′).
Now, it is lear that the Gieseker stability ondition for the holomorphi ltration F
implies the previous ondition for a onvenient hoie of {ε, ε1, ..., εm−1}, i.e. we have
proved the
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Theorem 1 Let R = (R1, ..., Rm−1) be a olletion of (m− 1) polynomials with rational
oeients of degree di < n and with positive leading oeient. The holomorphi ltra-
tion F of length m is R-stable (resp. semi-stable) if for k large, the assoiated point of
G˜k is G.I.T stable (resp. semi-stable) respetively to the polarization OG˜k(ε0, ..., εm−1)










(1 ≤ i ≤ m− 1).
Remark 4 This G.I.T onstrution extends the previous work of [13℄ in whih a G.I.T
onstrution is given for one step ltrations and a similar result is proved.
3 G.I.T stability and balaned metris
In this part, we apply the Kempf-Ness riterion to the Gieseker spaes that we have just
onstruted for holomorphi ltrations. This means that the ondition of G.I.T stability
an be transposed as the existene of a ertain sequene of `balaned' metris dened on
the nite dimension vetor spae H0(F⊗Lk) that are ritial points of ertain funtionals
of Kempf-Ness type.
The balane ondition for appliations was oneptualized by S.K. Donaldson [14℄ in the
following way. Let's assume that we are given the following objets: a holomorphi map
f : Ξ →W where (Ξ,ω0) is ompat Kähler and W is a vetor spae of nite dimension
embedded by πW as a o-adjoint orbit in Lie(G)∗ where G is redutive linear. Then, the










Under this setting, f is said to be balaned if the orbit of f under the ation of Lie(G)∗
ontains a enter of mass null. This means that we demand that the moment map dened
by integration on C∞(Ξ,W ) respetively to the ation of G admits a zero in the omplex
orbit of f .
In all the following, our polarization L will be equipped with a smooth hermitian
metri hL suh that the urvature c1 (L, hL) is a Kähler metri on M that we denote ω,
whih means that
ω = − i
2π
∂∂ log (hL) .
Let dV = ω
n
n! be the volume form relatively to ω.
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Notation We dene Met(Υ ) the spae of smooth hermitian metris for the vetor spae
or the vetor bundle Υ . Let F be a hermitian vetor bundle on (M,ω). We assoiate to








We will also need the well-known fat:
Denition 7 If V1 and V2 are two vetor spaes of nite dimension N1, N2 equipped
with metris h1, h2, and T : V1 → V2 is a linear map, then the Hilbert-Shmidt norm
||T ||h1,h2 an be omputed using any othonormal basis (v1i )i=1,..,N1 of V1 by ||T ||2h1,h2 =∑N1
i=1 |T (v1i )|2h2 .
3.1 Gieseker stable holomorphi ltrations and Kempf-Ness type funtionals
We x a holomorphi ltration F of lengthm and for k large, we setN = h0
(
M,F ⊗ Lk)
and πi the natural surjetion onto F ⊗ Lk/Fi ⊗ Lk with the onvention that π0 = Id.
Let Z˜ss ⊂ G˜k be the open sheme of G.I.T semi-stable points with respet to the lin-
earization O
G˜k
(ε0, .., εm−1) where the onstants εi are xed by Theorem 1.
Fix a metri H on the vetor spae H0(F ⊗ Lk). We have a quotient metri on the
hermitian bundle F ⊗ Lk indued by V ։ F ⊗ Lk and onsequently a metri ||.|| on
Λr−ri(F ⊗Lk). By the isomorphism i : V →˜H0(M,F ⊗Lk), we get a metri h
V˜k,i
on the
spae V˜k,i = Hom(∧r−riV,H0(det(F ⊗ Lk/Fi ⊗ Lk))). We set
V˜k = V˜k,0 × ...× V˜k,m−1,




× ... × hεm−1
V˜k,m−1
. Let z be a point in Z˜ss and
z˜ ∈ O
G˜k














∥∥∥pij ◦ si1 (p) ∧ ... ∧ pij ◦ sir−rj (p)∥∥∥2 dV (p)

εj
where (si)i=1,..,N is an H-orthonormal basis of H
0
(
M,F ⊗ Lk), C(i) > 0 is a onstant
depending only on the isomorphism i.
Remark 5 Our onstrution does not depend on the hoie of the metri on the determi-
nant bundles det(F ⊗ Lk/Fi ⊗ Lk).
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∥∥∥πjsi1 ∧ ... ∧ πjsir−rj∥∥∥2 dV .
We an sum up our situation by the following lemma:
Lemma 3 The following onditions are equivalent:
 The holomorphi ltration F isR-Gieseker polystable for a olletion R = (R1, ..., Rm−1)
of rational polynomials of degree n− 1 with positive leading oeient.
 There exists an integer k0 suh that for all k ≥ k0, the funtionals F˜k,F : SL(V )→ R









for all i = 1, ...,m − 1.
Remark 6 If the holomorphi ltration F is τ -Mumford stable then there exists an inte-
ger k0 suh that for all k ≥ k0, the funtionals F˜k,F admit a positive minimum and are




k and εi =
τi
k .
Note that we an also onsider F˜k,F as a funtional on the spae Met(V )× SL(V ),
i.e. on a nite dimensional spae. We are going to see that we an relate to the funtional
F˜k,F another funtional, this time on the innite dimensional spae Met(F) × SL(V ).
This motivates the following denition and theorem (see [34, Setion 3℄ for details).
Denition 9 Consider a Kähler manifold (Ξ,ω) and a moment map µ assoiated to the
ation of a ompat linear group Γ suh that ΓC ats holomorphially. To the moment
map µ orresponds a funtional
Iµ : Ξ × ΓC → R
alled the `integral of the moment map µ' and whih satises the properties:
 For all p ∈ Ξ, the ritial points of the restrition Iµ,p of Iµ to {p}×ΓC oinide with
the points in the orbit ΓCp for whih the moment map vanishes;





Theorem 3.11 There exists a unique appliation Iµ : Ξ × ΓC → R whih satises the
two properties:








= 〈µ (p) , λ〉 for all λ ∈ Lie (Γ ) .
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Now, for k suiently large, we have the embeddings of M into the Grassmanians of
r − rj quotients dened by:
ik,j :
M →֒ Gr (N, r − rj)
p 7→ ker (πj ◦ evp : V → F ⊗ Lk/Fj ⊗ Lk|p)∨ . (4)
Let UN,r be the universal bundle on the Grassmannian of r-quotients of the Grassman-
nian Gr(N, r). We denote Π =
∏m−1
i=0 Gr(N, r − ri) and πGr,i : Π → Gr(N, r − ri) for
i = 0, ...,m − 1 the natural projetions. We lift the Fubini-Study metris on eah fator
Gr(N, r − ri) with weight εi. This indues a sympleti metri on C∞ (M,Π),
Ω(ik,∗)(










−→x ,−→y ∈ C∞ (M, (ik,0, ..., ik,m−1)∗TΠ). The moment map assoiated to Ω(ik,∗) for



































where [Qj ] represents a point of Gr(N, r−rj) i.e. Qj : F⊗Lk/Fj⊗Lk|p → V is an isometry
respetively to h andH, and represents the matrix of the endomorphism πj◦evp expressed
in an orthonormal basis of ker(πj ◦ evp)⊥ and in an orthonormal basis of V .
Set Ur,N = π
∗
Gr,0UN,r. Sine F ⊗ Lk ≃ j∗kUr,N where jk : M →֒ Π is indued by the
maps ik,l and πi, we get a new smooth hermitian metri on F ⊗ Lk assoiated to the
metri H on H0(M,F ⊗ Lk).

















where h is the quotient metri on F ⊗ Lk indued by H.
Remark 7 This last expression is well dened sine we get for k suiently large, 0 <∑m−1
j=1 εj < 1.
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∥∥∥πjsi1 ∧ ... ∧ πjsirj∥∥∥2 dV




Lemma 4 K˜Nk,F is the integral of the moment map µF ,k.
Proof From [32℄, we know that a potential of the Fubini-Study metri at the point [Q]















= µF ,k(g) ∈ SL(N).
Let [Q0(p)] represent the point in the Grassmannian Gr(N, r) given by the embedding
dened by (4), at p ∈M . Therefore, we obtain up to a modiation of the matrix Q0(p)

















































































































= 〈µF ,k (Q0, ...,Qm−1) ,S〉.
Finally, K˜Nk,F (Id) = 0, whih allows us to onlude. ⊓⊔
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3.2 Balaned metris for holomorphi ltrations
We are going to see that the two funtionals K˜Nk,F and F˜k,F are simultaneously proper.
At this point, we will need the following lassial result of potential theory,
Theorem 3.21 Set Ka(M,ω′) = {ϕ ∈ C∞(M,R) : ω′ + i∂∂ϕ > 0}. There exist some
onstants αM , C(M,ω, ω






Lemma 5 There exist some onstants (γi)i=1..3 suh that for all g ∈ SL (N)
F˜k,F (g)− γ1 ≥ 1
γ3
K˜Nk,F (g) ≥ F˜k,F (g)− γ2.
Proof Let si be a basis of H




∥∥∥πj(g · si1 (p)) ∧ ... ∧ πj(g · sir−rj (p))∥∥∥2 .
Then ϕj belongs to the Kähler one Ka(M, c1(det(F ⊗ Lk/Fj ⊗ Lk))), and Theorem













































∥∥∥πj(g · si1) ∧ ... ∧ πj(g · sir−rj )∥∥∥2 dV ≥ ∫
M
ϕjdV.
Now, summing previous inequalities for all j, we obtain the lemma with γi depending
on the data {k,F , L, dV }. ⊓⊔
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Denition 12 (Balaned metris for holomorphi ltrations)
 Let p = (ik,0, ..., ik,m−1) ∈ Π be the point indued by the metri H ∈Met(H0(M,F ⊗
Lk)). If µF ,k(p) = 0 then the holomorphi ltration F and H are said to be k-balaned.
 If H ∈ Met(H0(M,F ⊗ Lk)) is k-balaned, the metri h ∈ Met(F ⊗ Lk) given by
h = FSk(H) is said to be k-balaned.
We will say that the ltration F is balaned if there exists an integer k0 suh that for all
k ≥ k0, F is k-balaned.
Sine the setions si ∈ H0(M,F ⊗ Lk) are also oordinate setions of the universal
bundle, we see that the metri H ∈Met(H0(M,F ⊗Lk)) is balaned if and only if it is a
xed point of the map Hilbω ◦FSk. From a similar way, h ∈Met(F ⊗Lk) is k-balaned
if and only if it is a xed point of the map FSk ◦Hilbω.
The balaned ondition for a holomorphi ltration F an be translated in terms
of the Bergman kernel of the bundle F . We shall now make expliit what we mean by
`Bergman kernel' in the following denition.
Denition 13 The Bergman kernel of a globally generated bundle (F, hF ) is an endo-
morphism of the bundle assoiated to the L2 orthonormal projetion from the spae of




si〈., si〉hF ∈ C∞(M,End(F )) (6)
where si is any basis of H
0(M,F ), orthonormal for Hilbω(hF ).
The following result will allow us to onsider the balaned ondition on the spae
of innite dimension Met(F) as the vanishing of a ertain moment map related to the
ation of the Gauge group of the bundle F . We will denote F ⊗ Lk the assoiated
holomorphi ltration obtained by tensorizing eah subbundle of the ltration F by Lk.
Lemma 6 The holomorphi ltration F of length m is balaned if and only if there
exists an integer k0 > 0 suh that for all k ≥ k0, there exists a hermitian balaned metri



















Proof Assume that H is a balaned metri on H0(M,F ⊗Lk) and si is an orthonormal
basis of the spae H0(M,F ⊗Lk) for H. Let h be the quotient metri on F ⊗Lk indued
by V ։ F ⊗ Lk and FSk(H) the metri on F ⊗ Lk onstruted as before. Remember
at that point that the Bergman kernel is independent of the hoie of an orthonormal
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basis. We hoose now a H-orthonormal basis of setions of H0(F ⊗Lk) by the following
proedure: let s1, ..., sr1 be orthogonal to the kernel of (π
F⊗Lk
1,h ◦ evp) with H-norm 1,
and sr1+1, ..., sr2 ∈ ker(πF⊗L
k
1,h ◦ evp) be orthogonal to the kernel of (πF⊗L
k
2,h ◦ evp), and
so on until the setions srm−1+1, ..., sr ∈ ker(πF⊗L
k
m−1,h ◦ evp) are orthogonal to the kernel of
(πF⊗L
k
m,h ◦ evp). Eventually, we an do the assumption that si(p) = 0 for i > r. Introdue
the sets Ij = {rj−1+1, ..., rj} and the map f : i 7→ j where j is suh that i ∈ Ij . Hene,
by (5), we ompute
|si(p)|h = N
V r − V ∑j>0 εjrj ,
|si(p)|FSk =
N
V r − V ∑j>0 εjrj − NV r − V ∑j>0 εjrj εf(i).





∈ End(F ⊗ Lk) is simply the orthogonal projetion onto
the image of si respetively to the metri FSk (and also h). At p ∈M ,
N∑
i=1
si 〈., si〉FSk =
N∑
i=1













V r − V ∑j εjrj εf(i)
)
,
= Cst× Id− N
V r − V ∑j εjrj ∑j εjπF⊗Lkj,hk . (8)
Here we have used the fat that for the quotient metri, the Bergman kernel is onstant,
sine it an be onsidered as the identity isomorphism of the universal vetor bundle
over the Grassmannian. Clearly, this implies the existene of a metri hk = FSk on the
bundle F ⊗ Lk satisfying (7).
Conversely, if (7) is satised, as the si are oordinate setions of the universal bundle,
we obtain that they are also Hilbω(FSk)-orthonormal, i.e. they are orthonormal for∫
M
〈 N













and therefore Hilbω(FSk) is a metri on H
0(M,F ⊗ Lk) whih is a zero of the moment
map µF ,k. ⊓⊔
Theorem 2 Let F be a holomorphi ltration of length m over a projetive manifold.
Then F is R-Gieseker stable if and only if Aut(F ) = C and for k large, there exists a

















V r − V ∑j>0 εjrj .
Proof One already knows by Theorem 3.11 that the zeros of the moment map µF ,k are
the ritial points of K˜Nk,F . To apply Kempf-Ness stability riterion [28℄, we simply need
to remark that the funtionals K˜Nk,F and F˜k,F are simultaneously proper by Lemma
5. We are done with Lemma 6. ⊓⊔
4 τ -Hermite-Einstein metris and holomorphi ltrations







h,i = µτ (F )Id (9)
on a smooth projetive manifold M of omplex dimension n. The goal of this part is to
give an approximation of the metri solution of equation (9) using the balaned metris
that we have just dened. We will need the following expansion proved in [12,39,41℄ of
the Bergman kernel of F ⊗ Lk when k →∞,
Theorem 4.02 Let (M,ω) be a Kähler manifold and (L, hL) an ample line bundle on
M suh that ω represents the urvature of L. Let (F , hF ) be a holomorphi hermitian
vetor bundle. For any integer α ≥ 0, we have the following asymptoti expansion when

















i ∧ dzj .
This estimate is uniform onM when hF and hL belong to a ompat for the C
α
topology.
Moreover, we denote in all the following for any integer k,
ǫk =
χ(F ⊗ Lk)
V r − V ∑m−1j=1 εjrj .
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4.1 Ation of the Gauge group
LetA(F) be the spae of C∞ onnetions on the vetor bundle F . By the Newlander-
Nirenberg's theorem, it is equivalent to onsidering a holomorphi struture on the Cr
vetor bundle F or an operator ∂
∂ : Ω0(F) → Ω0,1(F)
with ∂(f.s) = ∂f.s + f.∂s and ∂
2
= 0. We will denote A(F , hF ) the spae of smooth
onnetions whih are ompatible with the hermitian metri hF (i.e. unitary). Any on-
netion on the holomorphi vetor bundle F whih is integrable, i.e. belongs to the
subset
A1,1(F , hF ) = {A ∈ A(F , hF ) : F 0,2A = F 2,0A = 0}
where FA ∈ Ω2(M,End(F)) denotes the urvature of the onnetion, denes a holomor-
phi struture on F . It is well known that a holomorphi vetor bundle equipped with a
hermitian metri admits a unique onnetion whih is ompatible with the holomorphi
struture (i.e. integrable) and the hermitian struture hF , alled Chern onnetion (see
[30℄ for the details). This means that there exists an isomorphism (see [4, Setion 8℄)
A1,1(F , hF )→˜C(F),
where we have set
C(F) = {∇0,1 : Ω0(F)→ Ω0,1(F) s.t. (∇0,1)2 = 0,
∇0,1(f.s) = ∇0,1f.s+ f.∇0,1s}.
A1,1(F , hF ) is a subvariety (possibly with singularities) of innite dimension of the sym-








for any A,B ∈ Ω1(End(F)). One denotes by G the Gauge group of F , i.e. the group of
unitary automorphisms of F :
G = {U ∈ C∞(GL(F)) : U∗U = I}.
The omplexied Gauge group, i.e. the spae of smooth setions of automorphisms GC =
C∞(GL(F)) ats (on the right) on A1,1(F , hF ) by
∂g(A) = g
−1 ◦ ∂A ◦ g, (11)
∂g(A) =





where A ∈ A1,1(F , hF ), g ∈ GC and ∂A is the (1, 0) part of the ovariant derivate indued
naturally from A. In partiular, the ation of GC is holomorphi on C(F) whih admits
a omplex struture. Therefore A1,1(F , hF ) inherits a omplex struture for whih Ω is
a Kähler metri.
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4.2 Limit of a sequene of balaned metris
We may naturally ask what an be the limit of a sequene of balaned metris. In this
setion, we show that if this limit does exist, it is neessarily a onformally τ -Hermite-
Einstein metri.
Denition 14 Let (Ξ,ω) be a omplex manifold and let F be a holomorphi ltration
of length m over Ξ. A hermitian metri h on F is said to be onformally τ -Hermite-







h,i = λhIdF , (12)
where λh is a real valued funtion.
Proposition 3 Assume that (Ξ,ω) is a ompat Kähler manifold. If h is onformally
τ -Hermite-Einstein then there exists f ∈ C∞ (M,R) unique up to a onstant, suh that
the new metri ef · h is τ -Hermite-Einstein with parameter λ = 1V
∫
M λhdV in equation
(12).





πFef ·h,i = π
F
h,i.
Now, it an be found a funtion f ∈ C∞(M,R) by lassial theory of ellipti operators
over a ompat manifold M (see [30, Corollary 7.2.9℄) suh that






Notation To a sequene of balaned metris hk ∈ Met(F ⊗ Lk) for a holomorphi
ltration F , we shall assoiate the sequene of normalized metris hk = hk ⊗ h−kL ∈
Met(F) that will still be qualied as balaned metris.
We use use the asymptoti expansion provided by Theorem 4.02 and the previous
proposition to get
Theorem 3 Let F be a balaned holomorphi ltration of length m over M . If the se-
quene of balaned metris hk ∈Met(F) admits a limit h∞ in C2 topology when k →∞,
















and up to a onformal hange, this metri is τ -Hermite-Einstein.
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4.3 Stable holomorphi ltrations and natural moment maps
We adapt the method of [16℄ to make apparent the balaned ondition as the vanishing
of two moment maps, one indued by the unitary group and the other one by the Gauge
group of the vetor bundle F . We know that the spae C∞(M,F) of smooth setions of
F has a natural sympleti form Ω[0] assoiated to the hermitian metri hF on F :











∈ Ω2n(M,End(F)) ≃ Lie(GC)∗
is a moment map assoiated to the ation of the group G on C∞(M,F).
For a holomorphi ltration F , we an onsider a family θi : Fi → F of smooth
setions of the bundle in Grasmanians that we denote Gr(ri,F) and whose bers in p ∈
M are the ri planes of F|p. Suh a setion θi gives naturally a projetion hF -orthogonal




the metri hF on the ber F|p indues a Kähler form ωGrhF on Gr(ri,F|p). We obtain a
sympleti form using the evaluation map evi : C
∞(M,Gr(ri,F)) ×M → Gr(ri, r) and







) ∧ dV ) .







We know that there exists for k large enough an embedding ik of M into the Grass-
mannian Gr(N, r) using the holomorphi setions of F ⊗ Lk. Nevertheless the ation of
G on C∞(M,F ⊗Lk) does not preserve the set of holomorphi setions for a onnetion
A ∈ A1,1(F ⊗ Lk, hF ⊗ hkL) dened a priori. Note that in general, the dimension of the
spae of holomorphi setions of of F ⊗ Lk depends on the hoie of the onnetion A.
In order to onsider global holomorphi setions and their variations with respet to
the Gauge group, we are onstrained to modify simultaneously the onsidered on-
netion. But for any onnetion A and for k large enough, there exists an open set
of the omplex orbit of A in GC suh that for any onnetion belonging to this set,
dim(H i(M,F ⊗Lk)) = 0 (by semi-ontinuity [37, Setion 9.3℄) and dim(H0(M,F ⊗Lk))
is onstant. Finally for suh a k, we need to introdue the following manifold of innite
dimension,
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Denition 15 Let F be a holomorphi ltration of length m, and Q0 the subset of




formed by (N +m)-tuples of the form{
s1, ..., sN , A, θ1, ..., θm−1
}
suh that the setions (si)i=1..N are linearly independent, and
∂Asi = 0 ∀i = 1, .., n (14)
∂[A]θj = 0 ∀j = 1, ..,m− 1, (15)
where ∂A represents the (0, 1) part of the ovariant derivative indued naturally using
the unitary onnetion A and the Chern onnetion on L over the spae C∞(M,F ⊗Lk)
and ∂[A] represents the (0, 1) part of the ovariant derivative indued naturally using A
on C∞(M,Gr(ri,F)).
Under these onditions, the diagonal ation of G preserves Q0. Also notie that the
unitary group U(N) ats naturally on Q0 by







uNjsj, A, θ1, ..., θm−1
}
,
and if we denote h = hF ⊗ hLk then the moment map for this ation is,




Let π0 : Q0 → C∞(M,F ⊗ Lk)N ×
∏m−1
i=1 C
∞(M,Gr(ri,F)) be the natural projetion.
Atually, π0 is an immersion. Indeed, one has by (14) that 0 = ∂A (εsi) + ε∂A (si) =
ε∂A (si) (and similary ε∂A (θi) = 0) for a small variation of
(
s1, .., sN , ∂A, θ1, .., θm−1
)
.
Sine ik is an embedding, we get that ε∂A = 0 and hene dπ0 is injetive, whih gives
the immersion property.
We onsider the sympleti standard form Ω[k] on C
∞(M,F ⊗Lk). We take the sum
of Ω[k] over N opies of the spaes C
∞(M,F ⊗ Lk) and onsider the sympleti form
Ω(i) on eah C
∞(M,Gr(ri,F)) with weight ǫkεi. We get a sympleti form that we an
lift using the injetive immersion π0. We denote ΩQ0 the sympleti form obtained on
Q0. The ation of G over Q0 admits a moment map assoiated to ΩQ0 ,
µG(s1, ..., sN , A, θ1, ..., θm−1) =
N∑
i=1







Indeed, Q0 admits a Kähler struture by [24, Theorem 3℄ and with the fat A1,1(F , hF )
admits a omplex struture. Moreover, the ations of G and U(N) ommute and these
two groups have enter of dimension 1, given respetively by the onstant funtions and
the multiples of identity. This allows us to restrit to the ation SU(N) by onsidering
another natural moment map with values in the Lie algebra
√−1su(N),
µSU(N)(s1, .., sN , A, θ1, .., θm−1) =
∫
M









4.4 Complex orbits and double sympleti quotient
The moment map for the ation of the produt G × SU (N) on Q0 will be given by the
diret sum µG ⊕ µSU(N). For a real number λ, we will onsider the sympleti quotient
Q0// (G × SU (N)) =
µ−1G (λId) ∩ µ−1SU(N) (0)
G × SU (N) .
This must be understood as the sympleti quotient of Q0 by G in a rst step, via
Q0//G = µ−1G (λId) /G
whih admits as we have seen, a natural sympleti struture. Seondly, we do the sym-
pleti quotient of Q0//G by SU (N), sine SU (N) ats naturally on Q0//G. Every
GC-orbit in Q0 ontains a point in µ−1G (λId), (resp. µ−1SU(N)(0)) unique up to the ation
of G (resp. SU (N)). Our situation is summed up by the following proposition.
Proposition 4 There exists a metri k-balaned for F if and only if the omplex orbit
in Q0 given by the ation of GC×SL (N), ontains a point in µ−1G (λId)∩µ−1SU(N)(0) for
all λ > 0. This is equivalent to saying that the omplex orbit is represented by a point in
the double sympleti quotient Q0// (G × SU (N)).
Proof A point z0 = {s1, ..., sN , A, θ1, ..., θm−1} ∈ Q0 belongs to µ−1G (λId) if and only if∑




h,i = λId and z0 belongs to µ
−1
SU(N)(0) if and only if there exits
a onstant c suh that the setions si form a L
2
-orthonormal basis. Therefore we get
λ = 1rV
(




by taking the trae and hene we obtain the balane
ondition of Lemma 6.
Consider the ation · of SU(N) on the sympleti quotient
Z = Q0//G.
Sine Q0 is Kähler, Z admits a Kähler struture (in fat it is an orbifold if the stabilizers
group is nite everywhere) sine the extension of the ation of G to GC preserves the
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omplex struture. For all point z ∈ Z, the innitesimal ation of su(N), provides us
with an appliation
νZ,SU(N)z : su(N)→ TZz.












is the adjoint of ν
Z,SU(N)
z formed using the invariant metri on su(N)
and the metri on TZz. Assume that the stabilizers of a point in Z under the ation of
SU(N) are disrete; then ν
Z,SU(N)
z is injetive and q
SU(N)
z is invertible.
Notation Let Q be a hermitian matrix. The Hilbert-Shmidt norm and the operator














: su(N)→ su(N) with respet to the invariant eulidian metri on su(N).
In partiular, the inequality Λz ≤ λ is indued from the fat that for all A ∈
√−1su(N)




We will need the following key result inspired diretly from the formalism for moment
maps from [16℄.
Proposition 5 Let z0 ∈ Z and λ, δ > 0 be two real numbers suh that
1. λ||µSU(N)(z0)|| < δ;
2. Λz ≤ λ pour tout z = eiS · z0 and ||S|| ≤ δ.
Then, there exists a zero z1 = e
iS′ · z0 of µSU(N),
µSU(N)(z1) = 0
with ||S′|| ≤ λ||µ(z0)||. Here ||.|| is the norm indued by the standard SU(N)-invariant
inner produt on su(N).
Proof See [16, Proposition 17℄. Indeed, let z0 be a point in Z and denote (zt)t>0 the traje-
tory of z0 along the ow −−−−→Grad(||µSU(N)(z)||2) and set Zmin = {z0 ∈ Z : limt→+∞ zt ∈
µ−1(0)}. Then it is well-known (see [29, Theorem 7.4℄) that the omplex orbits of the
zeros of µSU(N) an be identied with the set Zmin. Finally, this proposition is an ee-
tive version of this result. ⊓⊔
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The aim of the next three setions is the approximation Theorem 5 of a metri solution
of the τ -Hermite-Einstein equation using the tools dened in setions 4.1, 4.2, 4.3, 4.4.
We are now ready to give the main ideas to prove this result.
An irreduible τ -Hermite-Einstein holomorphi ltration is in partiular Gieseker R-
stable when one has xed Ri = τik
n−1
. Now, we are seeking to onstrut for suh a
ltration a sequene of balaned metris whih onverge towards the (onformally) τ -
Hermite-Einstein metri that satises equation (13). To a k-balaned ltration F , we
know that there orresponds a point in a ertain spae of parameters, inside a omplex
orbit (under the ation of GC × SL (N)) and this point is a zero of the moment map
µG ⊕ µSU(N) as previously dened. Finally this leads us to look for this point.
 From one side, via Propositions 6 and 7, we get a point in the sympleti quotient by
G, i.e. a zero of µG : the existene a priori of a onformally τ -Hermite-Einstein metri
will permit us to onstrut an `almost' balaned metri hk,q that will provide us with
a point in Z. To suh a point will orrespond a metri denoted h˜q.
 From another side, we will swith in a nite dimensional problem by looking for a
zero (unique up to ation of SU(N)) of the moment map µSU(N) in a SL(N)-orbit.
Thus, we will study the gradient ow of ||µSU(N)||2 on Z and give an estimate of Λz
in order to apply Proposition 5.
Therefore, we nally obtain a k-balaned metri and also by onstrution, the onver-
gene of this sequene of metris (when k → ∞) towards the onformally τ -Hermite-
Einstein metri solution of (13).
4.5 Constrution of almost balaned metris
From now on and until the end of this setion, we will onsider that there exists a
onformally τ -Hermite-Einstein metri h∞ for the irreduible ltration F . By singular
perturbation of the onformally τ -Hermite-Einstein metri, we an get a metri almost
balaned, as will be made expliit in the following proposition.
Proposition 6 Let F be an irreduible holomorphi ltration over M of length m suh
there exists a onformally τ -Hermite-Einstein metri h∞ on F satisfying equation (13).
Then, there exists a family of smooth hermitian endomorphisms (ηi)i∈N ∈ C∞(End(F))
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where ‖σq(k)‖Cα+2 ≤ Cq,αkn−q−1. The metris hk,q will be alled `almost balaned'. Here
Cq,α is a onstant that depends only on q, α, h∞ and ω.
Proof First of all, we know that under these assumptions, F is simple by Lemma 1.




n−1 + ...+ aq(h∞)k
n−q +O(kn−q−1),
and the ai are polynomial expressions of the urvature tensors of h∞ and hL and their
ovariant derivatives. The approximation term is uniformly bounded in Cα norm when
h∞ ⊗ hkL belongs to a bounded family in Cα
′
norm (where α′ depends on α). We notie
that we have also a1(h∞) =
√−1ΛωFh∞ .
Consequently, ai (h∞ (1 + η)) = ai(h∞) +
∑q
l=1 ai,l(η) + O(‖η‖q+1Cs ) with s suiently















where the bi,l are multilinear expressions in ηj and their ovariant derivatives, beginning
by
bi,1 = ai,1 (η) .









= kn + a1k
n−1 + (a2 + b1,1) k
n−2
+kn−3 (a3 + b1,2 + b2,1) + ...+O(k
n−q−1), (17)
and we hoose indutively the ηj in suh a way that the oeients that appear with
kn−j (j < q) are onstants, whih means that the RHS of (17) is exatly (up to order
kn−q−1)











We set the asymptoti expansions (in the variable k),




























ΠF ,τh∞ (η1) + ...
= e1 + k
−1e2 + ...










. In partiular, we
have d1 = 1 by our hoie of ǫk.
From another point of view, we know that if FH denotes the urvature of the H, then
FH(1+ε) = FH + ∂∂ε+O
(||ε||2) , and therefore
b1,1 =
√−1Λ (∂∂η1) .












h∞,j (η1) (Id− πFh∞,j).
In order to get η1, we aim to solve
b1,1 + d1e2 = c2 − a2 − d2e1.
But the operator Q : u 7→ √−1Λ∂∂u + d1ΠF ,τh (u) is ellipti of order 2. We an apply
Lemma 18 notiing that
∫
M tr(c2−a2−d2e1) = 0 and the endomorphism (c2 − a2 − d2e1)
preserves the ltration. Then, we get a solution η1 whih is self-adjoint sine the term
c2 − a2 − d2e1 is also self-adjoint. Now, if we are looking for an almost balaned metri
up to order 3, it is suient to solve
b2,1 + d1e3 = c3 − a3 − b1,2 − d3e1 − d2e2.





h∞,jηj(Id− πFh∞,j) = cj − aj − Pj(η1,η2, ...,ηj−1),
where Pj is self-adjoint,
∫
M tr(Pj + aj − cj) = 0, (Pj + aj − cj) preserves the ltration,
and Pj is totally determined by the ηl omputed previously for l < j. The fat that hk,q
is hermitian is lear sine the endomorphisms ai, the generalized Bergman kernel and
the operator Pj are hermitian. ⊓⊔
In order to get from the onformally τ -Hermite-Einstein metri a point in the sym-
pleti quotient Z, we will need the following lemma.
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Lemma 7 Let
q = (s1, ..., sN , A, θ1, ..., θm−1) ∈ Q0
be a point orresponding to the holomorphi ltration F . Fix h˜ a hermitian metri on
F⊗Lk and onsider the map in the Sobolev spae End(F)l,α of hermitian endomorphisms





























 k ≥ k0 where k0 only depends on the hoie of the data {(τi, ri)i=1,..,m, c},
 Γ is an h˜-hermitian smooth endomorphism suh that tr(Γ ) = O(kn),
then there exists for all 0 ≤ ρ ≤ ρ0 a smooth solution ηρ of
B
h˜,ρ
(ηρ) = Γ. (18)
Proof We will use a ontinuity method on the Banah spae End(F)l,α with respet to








Therefore, if one denotes I ⊂ R+ the interval suh that ρ ∈ I if ηρ is solution of (18), we
have just proved that I 6= ∅. Apply the Impliit funtion Theorem to see that I is open.





















Now, with our hoie of ρ0 we get that Bq,h˜,ρ is invertible sine we have tr(
∑
i si〈., si〉h˜) =
O(kn).
Finally, we prove that I is losed. If one has a solution η of
B
q,h˜,ρ
(η) = Γ, (19)
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then for all U ∈ F ⊗ Lk|p,∑
i












Sine ρ and the τi are non negative, we immediately get that∑
i
〈si, U〉h˜·η〈U, si〉h˜·η ≤ 〈U,ΓU〉h˜·η.
Moreover, sine we have tr(Γ ) = O(kn) and ρk = O(k
n−1), there exists a onstant c′(k0)
suh that ∑
i






Now, if one onsiders λmax ≥ 0 the maximal eigenvalue of η at p and v an assoiated








|〈v, si〉h˜|2 ≤ 〈v, Γv〉h˜. (21)
Sine the (si)i=1,..,N form a free family, one gets that λmax belongs to a ompat set in
C0 norm and also the solution η of the onsidered equation, whih is a denite positive














Sine Γ is smooth and M ompat, one gets from the C0 estimate of η, a C0 bound on
∂η, and by a similar way a C0 bound on ∂η. By dierentiating (22), one sees again that
∂∂η is bounded in C0 norm and onsequently, our solution η is bounded in C1,1 norm.
Finally, with Arzela-Asoli's Theorem we get I losed and therefore I = [0, ǫk]. ⊓⊔
Proposition 7 Let us x an integer q ≥ 1. To eah almost balaned metri hk,q orre-
sponds a zero h˜q of the moment map µG on Q0 suh that











= δij + ηh˜q
where η
h˜q
is a matrix N ×N suh that
|||η
h˜q
||| = O (‖σq(k)‖C0) ,
where σq(k) is given by Proposition 6.
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with ‖σq(k)‖Cα+2 ≤ Cq,αkn−q−1, (si)i=1,..,N a Hilbω(hk,q)-orthonormal basis and still
εj =
τj
k . Consider the metri h˜q = hk,q(η., .) and a point (s1, ..., sN , A, θ1, ..., θm−1) ∈ Q0.
By perturbation of our almost balaned metri, we an get a zero of the moment map






Id = O(kn) h˜ = hk,q ρ = ǫk,
we see that for k xed suh that k ≥ k0 we an nd a smooth solution η of (18). Then,
the metri h˜q = hk,q · η is a zero of the moment map µG .
Now the fat that h˜q = hk,q · η is lose to hk,q is a onsequene of the relation (20)
whih gives us for ρ = ǫk and v an eigenvetor assoiated to the eigenvalue λ ≥ 0 of η,
(λ− 1)∑i|〈v, si〉hk,q |2 = 〈v, Γv〉hk,q − ǫk∑jεj〈v, πF⊗Lkh˜q ,j v〉hk,q
−∑i|〈v, si〉hk,q |2,




















i|〈v, si〉hk,q |2, (24)
using Lemma 16. Here ϑ(Id−η) is an endomorphism of F⊗Lk suh that ‖ϑ(Id−η)‖C0 =
O(‖Id− η‖2C0). From another side, we get that
ǫk








‖η − Id‖C0 . (25)















‖η − Id‖2C0 ≤
c′′0
kn







We obtain the expeted estimate for k suiently large. Finally, sine the si are or-

























We use now the rst part of the proof and Cauhy-Shwartz inequality. ⊓⊔
4.6 Expliit formulas and analyti estimates
Fix q a positive integer. From the almost balaned metris hk,q, we have just got a point











where q = (s1, ..., sN , A, θ1, ..., θm−1) ∈ Q0 is a lifting of z. We now study the SL (N)-
orbit of the point z. We are looking for an estimate of the quantity Λz in order to apply
Proposition 5. We will apply the following lemma inspired from [16, Lemma 18℄ in order
to ease the omputation of Λz.
Lemma 8 Let ν̂
Q0,SU(N)
ẑ : su(N)→ TẑQ0 and ν̂Q0,Gẑ : Lie(GC)→ TẑQ0 be the innites-
imal ations indued by SU(N) and GC on Q0 and let z ∈ Z be represented by ẑ ∈ Q0.




∣∣∣π (ν̂Q0,SU(N)ẑ (ξ))∣∣∣2 ,


















aijsj , i = 1, ..., N
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be the indued basis by the innitesimal ation of A. We look for the projetion of
σ = (σ1, ..., σN , 0, ..., 0)
from the spae C∞(M,F ⊗ Lk)N ×∏iC∞(M,θ∗i TGr(ri,F)) onto the orthogonal om-
















s.t. g ∈ Lie(GC)





Notation We set as self-adjoint operator on End(F ⊗ Lk),
















εj < 1 (27)
holds, we notie that it makes sense to onsider the operator (Id−B)−1.




























be the hermitian endomorphism of End(F ⊗ Lk) indued by the matrix A. Then the
orthogonal projetion of σ onto P is
p=
(












Proof We need to prove that for all g ∈ Lie(GC),∑
i
〈


















whih is equivalent to saying that∑
i















σi ⊗ s∗i ,
sine one onsiders a point of µ−1G (Cst× Id) and therefore we have a determined metri






V r − V ∑j τjkn−1kn = O(kn−1)
allows us to reah our onlusion sine ondition (27) is satised for k large. ⊓⊔
We set






0 ≤ i ≤ m− 1,
ψ = (ψ1, ..., ψN+m−1).














and |||Q|||2L2(ω) will stand for the L2 operator norm indued by ω and the metri h˜q of













We also need the following denitions.
Denition 16 Let hF be a hermitian metri that we x as a referene metri on F and
x an integer α > 2. To the integer k, we assoiate the metri
h˜F = hF ⊗ hkL
on F⊗Lk. We will say that for R > 0, another hermitian metri h˜1 = h1⊗hkL on F⊗Lk









where ‖.‖Cα designs the standard norm Cα determined by the referene metri h˜F . These




hF , ‖h1 − hF‖Cα(h1) < kα/2R.
Clearly, up to a modiation of R, this denition is independent of the hoie of the
metri hF .
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Denition 17 Consider a point (s0, ..., sN , A, θ1, ..., θm−1) ∈ Q0 and R a positive real.
We will say that the basis (si)i=1,..,N has (R,α)-bounded geometry if there exists a smooth
hermitian metri h˜q whih satises the ondition (26) and has (R,α)-bounded geometry.
We are ready to introdue the main result of this subsetion.
Theorem 4 Let F be a simple holomorphi ltration. For all R > 0, there exist some
onstants C = C(R,hF , hL) and ε(R,hF , hL) <
1
2 suh that if, for all k, the basis
(si)i=1..N ∈ H0(M,F ⊗ Lk) satisfying (29) has (R,α)-bounded geometry with |||η||| < ε
and Cstk = O(k
n), then for all matrix A = (aij)ij ∈
√−1su(N), we have
‖A‖ ≤ Ck ∥∥ψ∥∥
L2(ω)
,
where ψ ∈ P⊥ is the orthogonal projetion to P of σ. For the orresponding point z ∈ Z,
we have
Λz ≤ C2k2, Λz ≤ C2k2.
We shall postpone the proof of the theorem and introdue now some useful identities
and lemmas.








= δij + ηij, (29)
where η = (ηij) is a trae free hermitian matrix N ×N . Thus, η ≡ 0 if and only if F
is k-balaned.
We will also use the following well-known fats (for all hermitian matries S,R of size
N ×N).
|||R||| ≤ ||R|| ≤
√
N |||R||| , (30)
|tr(SRS)| ≤ ‖S‖2 |||R||| , (31)
|tr(RS)| ≤
√
N ‖S‖ |||R||| . (32)
Lemma 10 Under previous assumptions, if the basis of holomorphi setions (si)i=1..N ∈








Proof To prove the seond inequality, we use the fat that we have an orthogonal de-
omposition of C∞(M,F ⊗ Lk)N ×∏m−1i=1 C∞(M,θ∗i TGr(ri,F)):
σ = ψ + p,







aijηjlali = ‖A‖2 + tr(AηA),
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and sine |||η||| < 12 we have by (31) that













We use Poinaré inequality to evaluate the term |||BA|||2L2(ω).
Lemma 11 Assume that the holomorphi ltration F is simple and that A ∈ √−1su(N).
If the basis (si)i=1..N of H
0(M,F ⊗ Lk) has (R,α)-bounded geometry, then there exist
two onstants C1, C2 that depend only on R and of the referene metri hF on F suh
that for k large enough,
|||BA|||2L2(ω) ≤ C1
∥∥∂BA∥∥2L2(ω) + C2(|||η|||+ 1k
)2
‖A‖2 .
Proof The fat that F is simple implies that for any γ > 1, there exists c(hF , γ) suh
that if h ∈Met(F) is a metri satisfying















for all ̟ ∈ End(F) suh that ̟(Fi) ⊂ Fi. This is simply the Poinaré inequality with
respet to the metri ω (see also [16, Lemma 25℄) whose volume is V . Now, sine BA is
hermitian, we an deompose BA under the form




where TBA is upper triangular and DBA diagonal. Let Π(BA) = TBA +
1
2DBA . Then


















∥∥∂Π(BA)∥∥2L2(ω) = 12 ∥∥∂BA∥∥2L2(ω). Thus, we have
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i si〈., si〉)dV = O(1). Therefore we notie with (32)


























for C2 ≥ 1 large enough, and we get the expeted estimate. ⊓⊔
To get rid of the term
∣∣∣∣∣∣∂BA∣∣∣∣∣∣2L2(ω), we need the following lemmas.
Lemma 12 Under previous assumptions, there exist two independent onstants C(1)(j0),
C(2)(j0) suh that for all j ≤ j0,∑
i
∣∣∇jsi(z)∣∣2 ≤ C(1)kj+n for all z ∈M,∥∥∇jBA∥∥2L2(ω) ≤ C(2)kj ||A||2.



























where B(x) is a geodesi ball entered at x ∈M and c depends only on R and ω. Now,
we sum up for all i and use the fat that∑
i
|si(x)|2 ≤ tr (
∑









Hene, we get the inequality sine Cstk = O(k
n).
Moreover, sine BA is not holomorphi, we look at M
′ = M ×M (f. [16, p. 507℄) where
M is equipped with the opposite omplex struture and p1, p2 are the projetions on
the rst and seond fator. To the onnetion and the metri on L → M orrespond a
onnetion and a metri on L→ M equipped with the opposite omplex struture. Let
F ′ → M ′ be dened by p∗1
(
F ⊗ Lk
)∨ ⊗ p∗2 (F ⊗ Lk). Let s∨ ∈ H0 (M,F ⊗ Lk)∨ be
the holomorphi setion assoiated to s ∈ H0(M,F ⊗ Lk) via the C∞ isomorphism of











whih is a holomorphi setion of F ′. Thus, if we denote ΣA =
∑
i,j ajisi〈., sj〉 we notie
by Cauhy-Shwarz inequality that










= 〈ΣA+B(ΣA)+B2(ΣA)+ ..., ΣA+B(ΣA)+B2(ΣA)+ ...〉L2(ω),
























But, we know that Cstk = O(k
n). Sine we have hosen a basis with (R,α)-bounded
geometry, we obtain by inequality (31),∥∥∥B˜A∥∥∥
L2(ω)
≤ Ck−n||A||.
Now, we notie that BA is simply the restrition of B˜A over the diagonal ofM
′
. We apply
the inequality for a holomorphi setion as in the rst step of the proof, and get∥∥∥∇jB˜A∥∥∥2
L2(ω)
≤ C(2)kj||A||2,
whih allows us to onlude. ⊓⊔
Lemma 13 There exists a onstant C3 whih depends only on R and of the referene




∣∣∣∣∣∣∂BA∣∣∣∣∣∣2L2(ω) ≤ kC3 ∥∥ψ∥∥L2(ω) ||A||. (33)



















sine the si and θi are holomorphi. The RHS of (34) is, by denition of the metri we
have xed, the operator norm |||BA|||2 at the onsidered point p of M . By integration
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over the manifold, we have the rst part of the lemma.





















and from another side,
‖∆ (BAsi)‖L2(ω) ≤
∥∥∇2(BA)∥∥L2(ω) + ‖2∇BA · ∇si‖L2(ω) ,∥∥∥∥∆(BAπF⊗Lkh˜q,j )
∥∥∥∥
L2(ω)




We onlude using the last lemma (2
nd
inequality) and the rst part of the proof. ⊓⊔



















































then the result is lear sine k ≥ 1. Otherwise, after
simpliation, we get exatly the expeted inequality.
The seond part of the theorem is a onsequene of the equality (28) and of the fat that
|||A||| ≤ ||A||. ⊓⊔
4.7 Approximation Theorem for τ -Hermite-Einstein metris
In this setion, we ahieve the proof for Theorem 5 using the analytial estimate of
the previous part and the onstrution of an almost balaned metri. We x now as a
referene metri the metri hF = h∞, whih is a onformally τ -Hermite-Einstein metri
solution of equation (13).
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For any trae free matrix S ∈ √−1su(N), we an onsider the ation of SL(N) on
z ∈ Z to obtain another point eS ∗ z of the sympleti quotient. This gives us a new
hermitian metri h˜S ∈Met(F ⊗ Lk) that still satises equation (26) and depends on q.
Let η(S) be the matrix satisfying the deomposition (29) for this new hermitian metri
h˜S. Under these onditions and with the notations of Proposition 6, we have the following
estimates.
Lemma 14 Fix a real number R > 0 and S ∈ √−1su(N) with |||S||| ≤ 12 .





then the metri h˜S has (R,α)-bounded geometry.
2. There exists a onstant C6 (independent of k) suh that
|||η(S)||| ≤ C6 (|||S|||+ ||σq(k)||C0) .
Proof First of all, the onstrution is invariant under SU(N) ation. So, we an assume
that S = diag(λi) is a diagonal matrix with
∑
i λi = 0. We onsider the two points
z = (s1, ..., sN , A, θ1, ..., θm−1) ∈ Z and z′ = (eλ1s1, ..., eλN sN , A, θ1, ..., θm−1) ∈ Z. From




Fix h˜S = h˜q · ηS. Now, by denition,∑
i









(1− e2λi)si〈., si〉h˜S .
We apply the same reasoning that in the proof of Proposition 7 using the estimate of
Lemma 12 (1
rst
inequality). Thus, we have that∥∥∥h˜q − h˜S∥∥∥
Cα
≤ c1 |||S||| .
Moreover, by Proposition 7, the metri h˜q diers from the referene metri h˜∞ by a term
of the form O (1/k) in Cα norm. Hene
∥∥∥h˜∞ − h˜S∥∥∥
Cα
< R by hoosing suitably C5.
Finally, for C5 hosen small enough, we an also ask that h˜S >
1
R h˜∞ sine the quantity|||S||| is bounded by assumption.
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From the rst part of the proof and Proposition 7, the rst term of the RHS of (35) is
bounded in C0 norm by a multiple of |||S|||2. By Proposition 7, the seond term of the
RHS is bounded by a multiple of |||S|||+ ||σq(k)||C0 . ⊓⊔
With the next proposition we hek that all the assumptions of Proposition 5 are
satised.
Proposition 8 Let R and q be positive real numbers.
If we assume |||S||| ≤ min{δ, δkn−q+1} with δ(R,M,F ) small enough, then the metri
h˜S has (R,α)-bounded geometry, the basis (si)i=1,..,N has (R,α)-bounded geometry and
z = (s1, ..., sN , A, θ1, ..., θm−1) is a zero of the moment map µG. Moreover, µSU(N) = η(S)
where the matrix η (S)ij satises (29) with
‖η(S)‖ = O(k3n/2−q−1).
Proof With the hoie of |||S|||+ 1k ≤ C5R, Lemma 14 gives us that if |||S||| ≤ δ with
δ = min(C5R/2, 1/2),
then the metri hS has (R,α)-bounded geometry. From the almost balaned metris hk,q
whih satisfy ∑
i







and ‖σq(k)‖Cα+2 = O(kn−q−1) we an apply Proposition 7. Under these onditions, we
obtain from inequality (30) and Lemma 14 that
‖η(S)‖ ≤
√
N |||η(S)||| ≤ C6kn/2(δ + C7)kn−q−1.
⊓⊔
Finally, we get the main result of this paper.
Theorem 5 Let F be an irreduible holomorphi ltration equipped with a τ -Hermite-
Einstein metri hHE on a smooth projetive manifold. Then F is balaned and there
exists a sequene of balaned metris hk whih onverges in C
∞
sense towards a metri
h∞ onformally τ -Hermite-Einstein, i.e. towards hHE up to a onformal hange.
Proof We begin to prove that we an onstrut a sequene of balaned metris whih on-
verges in Cα topology towards the onformally τ -Hermite-Einstein metri h˜∞, solution
of equation (13).
Let ε be xed by Theorem 4 and δ by Proposition 8. Apply Proposition 8 with R > 0,
q > 3n2 +2+α and ‖S‖ ≤ min{δkn−q+1, ε} ≤ δ. We obtain a point z ∈ Z, represented by{s1, ..., sN , A, θ1, ..., θm−1} ∈ Q0. By Theorem 4, we know that at that point, Λz ≤ C2k2.
Again, by Proposition 8, we get
λ‖ηS‖ ≤ λC8k3n/2−q−1 ≤ C9k3n/2+1−q. (37)
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Sine |||S||| ≤ ||S||, we want to apply Proposition 5 with the data
µSU(N) (z0) = ηS, λ = C
2k2,
and δ given by Proposition 8. But inequality (37) asserts that the quantity λ‖µSU(N)(z0)‖
an be hosen smaller than δ for k large enough sine q > 3n2 + 2. Then, by Proposition
5, we obtain that
|||S||| ≤ ||S|| ≤ C9k3n/2+1−q,
and also the existene of a metri h˜S lose in C
0





and k-balaned. In fat, we also have





and onsequently, the onvergene in Cα topology towards h∞ for all α > 2. The theorem
is proved using now Proposition 3. ⊓⊔
Corollary 1 The Hermite-Einstein onnetion on the bundle F of the stable ltration
F is unique up to an holomorphi automorphism of F .
5 Appliations to the ase of Vortex type equations
In this part, we give some appliations of Theorem 5, and in partiular we study the ase
of oupled Vortex equations for whih we have found it impossible to develop a diret
method. Instead of working with the projetive manifold M , we onsider the Vortex
equations as τ -Hermite-Einstein equations on a higher dimensional manifold and apply
a dimensional redution proedure.
5.1 Equivariant holomorphi ltrations
Consider G a onneted simply onneted semisimple omplex Lie group and P ⊂ G
a paraboli subgroup of G. In partiular, G/P is a Flag manifold. We denote K the
maximal ompat subgroup of G and onsider X = M ×G/P with trivial ation on M .
The Kähler struture on M and G/P dene a Kähler struture on X.
Remark 8 One ould also have onstrut X as a projetively at G/P -bundle. See [7℄ for
details.
Denition 18We will say that a oherent sheaf F is G-equivariant if the ation of G on
X an be lifted holomorphially to F . A G-equivariant ltration F on X is a ltration
of G-invariant oherent subsheaves of a G-equivariant sheaf F on X,
F : 0 = F0 →֒ ... →֒ Fm = F .
If the sheaves Fi are loally free, we say that the ltration is holomorphi.
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Denition 19 A ltration F is G-equivariantly τ -stable (resp. semi stable) if F is G-
equivariant and for any G-invariant proper subltration F ′ →֒ F , we have
µτ(F
′) < µτ (F ) (resp. ≤).
Moreover, a ltration is G-equivariantly polystable if it is a diret sum of τ -stable G-
equivariant ltrations with same slope µτ .
Denition 20 A ltration F is said to be G-equivariantly Gieseker R-stable (resp. semi-
stable) if F is G-equivariant and for k large, one has for all proper G-invariant subl-





Proposition 9 Let F a G-equivariant holomorphi ltration on X. Then, F is G-
equivariantly τ -stable (resp. Gieseker R-stable) if and only if it is G-equivariantly inde-
omposable, and onsidered as a holomorphi ltration, has a diret sum deomposition
into τ -stable (resp. Gieseker R-stable) holomorphi ltrations Fj , 1 ≤ j ≤ j0 suh that
these ltrations are images one from another by an element of G.
Proof This is similar to [18, Theorem 6℄ and [1, Theorem 2.2℄ and thus will be omitted.
One obtains a HKDUY orrespondene for the holomorphi G-equivariant ltrations.
Theorem 5.11 Let τ ∈ Rm−1+ and F be a holomorphi ltration of length m. A holo-
morphi ltration F is G-equivariantly τ -polystable if and only if there exists a smooth
K-invariant hermitian metri h solution of the τ -Hermite-Einstein equation (2).
Proof See [2, Theorem 4.7℄.
Proposition 10 Let F a holomorphi ltration over X of length m. Then F is G-
equivariantly R-Gieseker stable if and only if Aut(F ) = C and for k large, there exists
















V r − V ∑j>0 εjrj .
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Proof First of all, sine F is G-equivariantly R-Gieseker stable it is in partiular R-
Gieseker semistable and so one an onsider for k suiently large a Gieseker spae G˜k
as it is done in Setion 2.2. The fat that the ation lifts holomorphially implies that
we have an ation of G on G˜k. By denition of the embeddings ik,j (f. p.14), the same
holds for the spae Π and therefore on the zero set of the µF ,k. Now by uniqueness, this
implies that the balaned point in Π indued by the ik,j is K-invariant (the existene
of this point is lear from Theorem 2). But this point only depends on the hoie of the
metri Hk ∈Met(H0(F ⊗ Lk)), and therefore the balaned metri is K-invariant. This
gives the result using the Fubini-Study map FSk.
With the previous results in hand, it is now lear that we have an equivariant version
of Theorem 5, i.e that a K-equivariant τ -Hermite-Einstein metri an be approximated
by K-invariant balaned metris. Indeed, the balaned metris that we onstrut in the
proof of Theorem 5 are by uniqueness neessarily K-invariant.
Theorem 6 Let F be an irreduible holomorphi ltration over X equipped with a K-
equivariant τ -Hermite-Einstein metri hHE. Then F is balaned and there exists a se-
quene of K-equivariant balaned metris hk whih onverges in C
∞
topology towards
hHE up to a onformal hange.
5.2 Filtrations, quivers and dimensional redution
We now suppose that X = M × G/P , and the ation on M is trivial. We denote p :
X → M and q : X → G/P the natural projetions. By restrition, any G-equivariant
vetor bundle on X denes a P -equivariant holomorphi bundle on M × P/P ≃ M .
Conversely to any holomorphi P -equivariant bundle E on M , one an assoiate a G-
equivariant bundle by onsidering the quotient of G×E by the ation of u ∈ P given by
u · (g, e) = (g ·u−1, u ·e) for whih one has an ation of g′ ∈ G by g′ · (g, e) = (g′g, e). This
priniple of indution and restrition an also be applied to oherent sheaves. In fat,
this equivalene of ategories between G-equivariant holomorphi vetor bundle on X
and P -equivariant bundle on M an be extended in the following framework developped
in [2,1℄.
Proposition 11 Any oherent G-equivariant sheaf F on X admits a G-equivariant sheaf
ltration
F : 0 →֒ F0 →֒ ... →֒ Fm = F
Fi/Fi−1 ∼= p∗(Ei)⊗ q∗(O(λi)) 0 ≤ i ≤ m,
where λi are inreasing numbers and Ei are non zero oherent sheaves on M with trivial
G-ation. If F is a holomorphi vetor bundle, then the Ei are also holomorphi vetor
bundles.
This motivates the following denitions (see [2,1℄ for details).
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Denition 21 A quiver is a pair of sets Q = {Qv ,Qa} together with two maps h, t :
Qa → Qv. The elements of Qv are alled the verties, and the elements of Qa are alled
the arrows. For eah
−→a ∈ Qa, the vertex h−→a is alled the head of the arrow −→a , and t−→a
its tail. Moreover, Q will be loally nite, i.e we require h−1(v) and t−1(v) to be nite for
all v ∈ Qv. A trivial path at v ∈ Qv onsists of the vertex v with no arrows. A non trivial
path in Q is a sequene of arrows p = −→a0 ◦ ... ◦ −→al that an be omposed, i.e t−−→ai−1 = h−→ai .
A relation of a quiver Q is a formal nite sum r = c1p1 + ... + cnpn of paths pi with
oeients ci ∈ C. A quiver with relations (Q,R), is a pair onsisting of a quiver Q and
a set of relations R for Q.
Denition 22 Let Q be a quiver. A Q-sheaf (E ,φ) is a olletion of E of oherent
sheaves Ev for eah v ∈ Qv together with a olletion of morphisms φ−→a : Et−→a → Eh−→a for
eah arrow
−→a ∈ Qa suh that Ev is zero for all but nitely many v ∈ Qv. A holomorphi
Q-bundle is a Q-sheaf suh that all the sheaves are holomorphi vetor bundles. For a
Q-sheaf, any path in Q indues a morphism of sheaves and the trivial path indues the
identity morphism id : Ev → Ev. The Q-sheaf (E ,φ) saties a relation r = c1p1+...+cnpn
if
∑
i ciφ−−→ai,0 ◦ ... ◦ φ−−→ai,li = 0 where li is the length of the path pi =
−→ai,0 ◦ ... ◦ −−→ai,li. Let
R be a set of relations of Q. A (Q,R)-sheaf (resp. (Q,R)-bundle) is a Q-sheaf (resp.
Q-bundle) satisfying the relations R.
Remark 9 The notion of quiver is a natural generalisation of the notion of hain that
appeared in [1℄. A sheaf hain is a pair C = (E ,φ) where E = (E0, ..., Em) is a (m +
1)-tuple of oherent sheaves and a m-tuple φ = (φ1, ..., φm) of homomorphisms φi ∈








where α = (α1, ..., αm) is a olletion of real numbers, then the hain C is alled α-stable
if µα(C
′) < µα(C ) for all proper subhains C
′
of C .
We have the following theorem from [2, Theorem 2.5℄.
Theorem 5.21 There exists a one-to-one orrespondene between the ategories of G-
equivariant holomorphi vetor bundles on X = M × G/P and of holomorphi (Q,R)-
bundles on M .
Let's give a simple example. We have a orrespondene at the level of holomorphi
objets between the extensions on X of the form
0→ p∗E0 → E → p∗E1 ⊗ q∗O(2)→ 0
and the triple (E0, E1, φ1) where φ1 ∈ Hom(E1, E0). Indeed, Kunneth formula gives us
H1(X, p∗(E0 ⊗ E∗1 ) ⊗ q∗O(−2)) ≃ H0(M, E0 ⊗ E∗1 ) ⊗ H1(P1,O(−2)) and if we now x
an element in H1(P1,O(−2)) ≃ C, the homomorphism φ1 an be identied with the
extension lass dening E.
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5.3 Dimensional redution and appliations
Let ω′ = p∗ω + q∗ωǫ (where ωǫ is the K-invariant smooth Kähler form onstruted in
[2, Lemma 4.8℄) be a Kähler form on X = M × G/P . We have the following entral
theorem [2, Theorem 4.13℄ of dimensional redution between quivers and τ -Hermite-
Einstein ltrations.
Theorem 5.31 Let F be a G-equivariant vetor bundle on X, and let F be a G-
equivariant ltration assoiated to F of length (m + 1). Let (E ,φ) the orresponding
holomorphi (Q,R)-bundle on M . Then F admits a K-invariant τ -Hermite-Einstein
metri with respet to ω′ if and only if for eah v ∈ Qv suh that the holomorphi vetor











◦ φ−→a = τ ′vIdEv (38)
where nv = dim(Mv) is the multipliity of the irreduible representationMv of P attahed
to v.
The relation between the real positive numbers (τi) and (τ
′
v) is made lear in [2, Setion
4.2.2℄. We will refer to the system (38) as a quiver Vortex equation. Many equations from
litterature an be obtained as a partiular ase of a quiver Vortex equation. We shall
now give the main examples of suh equations.
 The ase of oupled Vortex equations. Indeed, onsider X = M × P1 and the group
ation SL(2) = SL(2,C) given by the trivial ation over M and the standard ation
on P1 via the natural identiation
P1 = SL(2)/P,
where P stands for the paraboli subgroup of lower triangular matries of SL(2).
In that ase studied in [1℄, the previous theorem an be rephrased in the following
way. A holomorphi ltration F on X admits a SU(2)-invariant τ -Hermite-Einstein
metri respetively to p∗ω + q∗ωFS (where ωFS denotes the Fubini-Study metri on
P1) if and only if the hain C = (E ,φ) admits a (m+ 1)-tuple of hermitian metris




















m ◦ φm = (τm − 2m)IdEm .
(39)
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Note that these equations have been related to the omputation of some twisted
Gromov-Witten invariants [33℄. It overs the interesting ase of holomorphi triples
(E1, E2, φ) where φ ∈ H0(X,Hom(E1, E2)) whih is simply a holomorphi hain of
length 1. The oupled Vortex equations relative to these triples have been extensively
studied (see for instane [19,10,9℄).
 The ase of Hithin's self-duality equation [22℄ over a omplex urve C,
F⊥h + [Φ,Φ
∗h ] = 0, (40)
where Φ ∈ H0(M,End(E) ⊗KC) and F⊥h is the trae free part of the urvature Fh.
The notion of stability onsidered here is simply the usual one for the holomorphi
vetor bundles restrited to the Φ-invariant subbundles. On the moduli spae M of
stable Higgs bundles of degree 0 over C, we have the so-alled S1 ation of Hithin,
g · (A,Φ) = (A, gΦ) ∈ A(E)×H0(M,End(E) ⊗KC)
whih preserves the natural Kähler form on M. A stable (E,A,Φ) bundle represents
a xed point of this ation if and only if there exists a Gauge transformation ϑ suh
that DAϑ = 0 and [ϑ, Ψ ] =
√−1Ψ (f. [23,36℄). Then, the Higgs bundle E is alled





and ϑ ats with inreasing weights λi ∈ R on eah fator Ei, i.e one has a variation of
Hodge struture. We also have some non trivial morphims Φi : Ei → Ei+1⊗KC with
Φ =
⊕
i Φi. If one denotes now Ei = Ed−i ⊗Kd−iC , then we an dene a holomorphi
hain (E ,φ) by onsidering the morphisms
φi = Φd−i ⊗ Id : Ei → Ei−1.
Now, to nd a solution h ∈ Met(E) of (40) for a ritial Higgs bundle over C is
equivalent to nd for 0 ≤ i ≤ d smooth metris hi ∈ Met(Ei) solutions of the
ouplex Vortex equations assoiated to the holomorphi hain (E ,φ). Indeed, this
hain is α-stable with respet to the weight α = ((m − i) deg(K))i=0,..,d and up to





 The ase of Witten triples (Vafa-Witten equations studied in [40℄). Let L be a line
bundle on a omplex surfae S and (L, φ, θ) a triple formed by a holomorphi struture
L on L, a holomorphi setion φ ∈ H0(M,L) and a morphism θ : L → KS . The triple
(L, φ, θ) is alled β-stable if deg(L) < β and φ 6= 0 or β < deg(L) and θ 6= 0. A triple
is β-stable if and only if (φ, θ) 6= (0, 0) and there exists a metri h on L satisfying the
equation √−1ΛFh + 1
2
(|φ|2h − |θ|2h) = β. (41)
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Suppose now that deg(L) < β and φ does not vanish (we will say that the triple is
speial), then we an onsider the hain
((KS ,L,O), (θ, φ))
whih is α-stable with α = (α0, β, α2) if deg(L) < β + deg(KS) − α0. If we hoose
α0 − deg(KS) > 0 suiently small, then we know the existene of solutions for
the assoiated ouplex Vortex equations and in partiular there exist two metris








(|φ|2 − |θ|2) = β. (43)
Note that here the norms |θ|2 (resp. |φ|2) are omputed with respet to both metris
h0 and h1 (resp. h1 and a trivialisation frame on the struture sheaf). For α0−deg(KS)
suiently small, the term A = |φ|2 − |θ|2 is going to be positive by (42) and we an
reover (41) from (43) if we do a onformal hange. Indeed, this leads us to nd a
smooth funtion f on S suh that ∆f + Aef = B with
∫
S BdV = β − deg(L). But
from the work of Kazdan and Warner [27℄, the existene and uniqueness of f holds
as soon as A > 0 and
∫
S BdV > 0.
 The ase of Bradlow pairs [8℄ studied in [19℄. If (E,φ) is a pair (i.e. E is a holomorphi
vetor bundle and φ ∈ H0(M,E)) on (M,ω) and if F is given by extension on
X = M × P1
0→ p∗E → F → q∗O(2)→ 0
then (E,φ) is λ-stable in the sense of Bradlow if and only if F is Mumford-stable
with respet to the polarization assoiated to
p∗ω +
2V
(r(E) + 1)λ− deg(E)q
∗ωFS.
Of ourse, there is a natural identiation between the pair (E,φ) and the triple
(E,O, φ). Nevertheless, exept in the ase when rk(E) = 1, it is not possible in
general to relate in a simple way Bradlow's equation [8℄ to equation (38). Instead,
one obtains a new equation, alled almost Vortex equation
√−1ΛFh + e−uφ⊗ φ∗h = λIdE ,
where u depends on the hoie of a trivialisation on the struture sheaf. Even if this
metri h and the solution of Bradlow's equation are not related by a onformal hange,
they dene the same point in the moduli spae of solutions [11℄.
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Now, suppose that we onsider a metri (or a family of metris) solution to one
of the previous equations (38),(39),(40),(41). Thanks to Theorem 5.31, we know that
these solutions are related to a K-invariant τ -Hermite-Einstein metri for a ltration on
X = M ×G/P . From the equivariant version of the Approximation theorem (Theorem
6), we see that these solutions an be approximated by `algebrai metris', i.e metris
oming from a G.I.T onstrution as a zero of ertain moment maps in nite dimensional
setting. Finally we get,
Theorem 7 Let (E ,φ) an irreduible (Q,R)-bundle on a smooth projetive manifold M
suh that for eah v ∈ Qv with Ev non trivial, there exists a smooth hermitian metris
hv ∈Met(Ev) satisfying the quiver Vortex equation (38). Then, up to some renormaliza-
tions by onformal hanges, every metri hv is the limit in C
∞
topology of a sequene
of algebrai metris. In partiular, the solutions of oupled Vortex equations, ritial
Hithin's self-duality equations over a urve, speial Vafa-Witten equations an be ap-
proximated by algebrai metris. For an irreduible stable pair, the sequene of algebrai
metris obtained onverges to the solution of an almost Vortex equation.
6 Appendix
6.1 Endomorphism ΠF ,τh
In this part, we gather some elementary and tehnial results whih are used in Setion
4.
Let F be a holomorphi ltration of length m, h a hermitian metri on F and πFh,i
the h-orthogonal projetion onto the bundle Fi ⊂ F . For two smooth hermitian metris
h1 and h2 on F , we know that they are related by the existene of an endomorphism η
suh that
h1(X,Y ) = h2(ηX, Y )
and η is hermitian with respet to h2 and denite positive. In partiular, it is well known
that Fh1 = Fh2 + ∂(η
−1∂h2η).
Notation We set by h · η the metri h(η·, ·) for η ∈ End(F), hermitian with respet to
h.
Lemma 15 For all (m− 1)-tuple {τ1, .., τm−1} of real numbers and all h-hermitian en-



















Proof First of all, we an restrit to one of the fators πFh,i, h-orthogonal projetion onto
the subbundle Fi. Let t 7→ πi(t) be a one parameter family of projetions onto the bundle
Fi suh that πi(0) = πFh,i. Sine we have the relations







′) ⊂ Fi. From another side, πi(0)′πi(0) = πi(0)′ − πi(0)πi(0)′ = 0 and
therefore ker(πi(0)




and the spae of solutions of this equation isHom(F⊥i ,Fi). We notie that the dierential
is neessarily U(F⊥i )×U(Fi) invariant. Finally, we an apply Shur lemma sine U(F⊥i )×
U(Fi) ats irreduibly. Then, up to a multipliative onstant, the dierential is given by
X 7→ πi(0)X(Id − πi(0)).
Set ht = h · (Id+ ηt) ave η0 = 0 and hoose a h-orthonormal basis (e0j )j=1,..,r for whih





where R is the unique upper triangular matrix with positive diagonal oeients that
satises the relation RR∗ht = Id+ ηt. Now, by dierentiating (44) at t = 0, we have for

























e0j ⊗ e0j∗h0dη0 −
ri∑
j=1
e0j ⊗ e0j ∗h0dη0
ri∑
k=1
e0k ⊗ e0k∗h0 ,
whih allows us to onlude. ⊓⊔
Now, by diret appliation of the previous lemma we have,
Lemma 16 For all (m − 1)-tuple {τ1, ...τm−1} of real numbers and all hermitian endo-











where we have xed the endomorphism,










Here O(η2) represents an hermitian endomorphism suh that its Hilbert-Shmidt norm
an be bounded by O(‖η‖2C0).
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6.2 Resolution of a ertain ellipti equation
We will need the following lassial Kähler identities.
Lemma 17 Let E be a hermitian holomorphi vetor bundle E over a Kähler manifold
and FE be its Chern urvature. We have the ommuting identities:
[Λ, ∂¯] = −√−1∂∗, [Λ, ∂] = √−1∂¯∗, ∆∂¯ = ∆∂ + [
√−1FE , Λ].
In all the following, we will assume that the {τ1, ..., τm} are non negative.
Lemma 18 Let F be a simple holomorphi ltration over M and let Ψ : End(F) →
End(F) be a positive self-adjoint operator of order zero. Then, for all hermitian metri
h ∈Met(F), it is always possible to nd a smooth solution, whih preserves the ltration,
of the following ellipti system:
Λω∂∂Q
′ + Ψ(Q′) = Q
for all smooth endomorphism Q suh that Q(Fi) ⊂ Fi and
∫
M tr(Q)dV = 0.
Moreover, if F is a holomorphi ltration suh that there exists F a onformally τ -
Hermite-Einstein metri h, and if one has xed
Ψ : U 7→ ΠF ,τh (U), (45)
then Q is self-adjoint if and only if Q′ is self-adjoint.
Proof We need to see that the operator Λω∂∂ + Ψ has trivial kernel. Reall that this
operator is ellipti (of order 2) positive and self-adjoint sine the τi are positive. Let
us onsider the kernel of this operator: (∂∗∂)U = 0 implies |∂U |h = 0, i.e. sine F is
simple, U = γId with γ onstant on M . If Id ∈ kerΨ then, by Fredholm alternative, the
ellipti system admits a solution if 〈Id,Q〉 = ∫M tr(Q)dV = 0. The uniqueness is obvious
one it has been assumed that
∫
M tr(Q
′)dV = 0. If Id /∈ kerΨ , then the system admits
a unique solution. The dened operator by (45) is self-adjoint and positive. Moreover,
again with Kähler identities,
√−1Λ∂¯∂Q′∗ = ∆∂Q′∗,










′ − [∑iπFh,i,Q′])∗ ,










Hene, (√−1Λ (∂∂Q′)+ Ψ(Q′))∗ = √−1Λ (∂∂Q′∗)+ Ψ(Q′∗),
and by uniqueness of the solution, we have that Q′ is hermitian and denite positive if
and only if it is the ase for Q. ⊓⊔
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